Abstract. An integral quadratic form f is said to be almost regular if f globally represents all but finitely many integers that are represented by the genus of f . In this paper, we study and characterize all almost regular positive definite ternary quadratic forms.
Introduction
All the quadratic forms considered in this paper are positive definite and have coefficients in Z. A quadratic form f is called almost regular if f represents all but finitely many integers that are represented by gen(f ). If f has 5 or more variables, then f is always almost regular; see [12] or [7] . This result would become false for quaternary forms, but it is well known that for every sufficiently large integer a that is represented by the genus of f and is primitively represented by f p for every anisotropic prime of f , a is represented by f itself; see [6] and the references there. Therefore, there are infinitely many inequivalent almost regular primitive quaternary quadratic forms.
There are infinitely many inequivalent almost regular primitive ternary quadratic forms [2, Example 6.2] . A theorem of Watson [14] says that the discriminant of a primitive ternary quadratic form grows with the size of the set of exceptional integers. Hence there are only finitely many inequivalent almost regular primitive ternary quadratic forms if the number of exceptional integers is prescribed. The analytic argument employed by Watson in [14] is not effective, but in this paper we show that for any positive integer k, there exists an effective upper bound C(k) for the discriminant of the almost regular ternary quadratic forms with at most k exceptional integers. We also provide a characterization of almost regular ternary quadratic forms (Theorem 4.4), and this should give an effective procedure to recognize almost regular ternary quadratic forms provided that the enumeration of regular ternary quadratic forms is completed. A list containing all possible candidates of regular primitive ternary quadratic forms is available in [8] . This list contains 913 candidates, and all but 22 of them are already verified to be regular.
The subsequent discussion will be conducted in the more adapted language of quadratic spaces and lattices, and any unexplained notation and terminology can be found in [9] and [10] . The term "ternary lattice" will always refer to an integral Z-lattice on a 3-dimensional positive definite quadratic space over Q. Since we want to include nonclassic integral quadratic forms in our discussion, it will be assumed throughout this paper that every lattice is even, and in particular L is always an even primitive lattice, i.e., n(L) = 2Z. For any lattice M , Q(M ) and Q(gen(M )) will denote the sets of integers represented by M and gen(M ) respectively. The use of the symbol " * " refers to primitivity. For example, Q * (M ) is the set of integers that are primitively represented by M . The set Q(gen(M )) \ Q(M ) of exceptional integers of M will be denoted by E(M ). For the sake of convenience, we set δM = 1 2 dM . Since all lattices discussed in this paper are even, δM is always an integer. The letter p always denotes a prime in Z.
Watson's transformations
Throughout this section, L will denote an even primitive ternary lattice. For any positive integer m, let
Let λ m (L) be the even primitive lattice obtained from Λ m (L) by scaling the ambient space by a suitable rational number. Note that the scaling factor depends on the lattice structure of L p for all p | m. These λ m -transformations were used by Watson in his study of regular ternary lattices [13] and class numbers [15] , and more recently by various authors in [1] and [2] concerning lattices satisfying different kinds of regularity conditions. These references contain most of the properties of the λ mtransformations needed in this paper. We collect a couple of them in the next lemma.
Remark 2.3. From the proof of the above lemma, it is clear that the conclusion still holds when p > 2, ord p (dL) = 1 and QL p is anisotropic. 
Lemma 2.4. Let L be an even primitive almost regular ternary lattice. For any p, there exists an even primitive almost regular lattice λ (p) (L) such that for any prime
q = p, λ (p) (L) q is isometric to L q up to a unit scaling factor and ord p (δ(λ (p) (L))) ≤ 1. Proof. Note that ord p (δ(λ 2p (L))) < ord p (δL) ifinteger k = k(L) such that for any a ∈ Q(gen(L)) that is divisible by p k , a ∈ Q(L) if and only if p −k a ∈ Q(λ (p) (L)). Proof. First of all, since QL p is anisotropic, it is not hard to see that Λ 2p (L) is simply the set {x ∈ L : Q(x) ≡ 0 mod 2p}. Set L(0) = L and for any n ≥ 1, let L(n) be the lattice λ 2p (L(n − 1)). Let t be the smallest integer such that L(t) = λ (p) (L). If t = 0, then we can choose k = 0. Otherwise, for any t−1 ≥ n ≥ 0, let k n be the integer such that Λ 2p (L(n)) p −kn = λ 2p (L(n)). Note that k n is either 1 or 2. Put k = k 0 + · · · + k t−1 . If p k | a and p −k a ∈ Q(L t ), then p kt−1−k a is represented by Λ 2p (L(t−1
)) ⊆ L(t−1). Apply the same argument repeatedly until we have a ∈ Q(L).
Conversely
Almost regular ternary lattices
Let S L be the set of primes p for which QL p is anisotropic.
Proof. Let us assume to the contrary that
γq Z q where γ q depends only on L and γ q = 0 if q 2dL. Therefore, we can write a = α 2 β where α is only divisible by the prime divisors of 2dL and β ∈ Q * (gen(L)). Furthermore, α is bounded by a constant depending only on L.
is finite, only finitely many of those β are not in Q(L) and hence L is almost regular.
Let P L be the set of all primitive elements [11, p. 353 ] of Q * (gen(L)) that are primitive spinor exceptions of gen(L). This set is finite and can be determined by the results in [5] .
Theorem 3.3. A ternary lattice L is almost regular if and only if L represents all integers in
Proof. Suppose L is almost regular. We already showed in Lemma 3.
, which contradicts the fact that a ∈ P L . For the converse, we may assume that a ∈ Q * (gen(L)) by virtue of Lemma 3.2. If a is primitively represented by spn
if a is sufficiently large [3] . So, we may further assume that a is a primitive spinor exceptional integer. Let t be a primitive element of Q * (gen(L)) such that a = tm 2 for some m ≥ 1. This t is bounded because there are only finitely many primitive elements of Q * (gen(L)) that are in one of those primitive spinor exceptional square classes [11] . If t ∈ P L , then a ∈ Q(L) and we are done. Therefore, we may assume that t ∈ P L and hence t is not a primitive spinor exception of gen(L). Then for any sufficiently large prime q, tq 2 is also not a primitive spinor exception [5] and hence tq 2 is in Q(L) [6, Corollary 4.3] . As a result, we may assume that the prime divisors of m are bounded. It is well known that if h is the number of classes in spn + (L) and
are bounded, and hence L is almost regular.
Characterization of almost regularity
Let L be an almost regular ternary lattice. It is easy to see that QL p is isotropic if and only if the Hasse invariant of QL p is equal to (−1, −1) p . By the Hilbert Reciprocity Law it follows that the set S L must contain an odd number of primes. In particular, S L is never empty. Therefore, by Lemma 3.1, the prime divisors of dL must occur as divisors of the discriminants of some regular ternary lattices, and they are inside {2, 3, 5, 7, 11, 13, 17, 23}; see [8] or [13] . If p ∈ S L , then for any q = p, ord q (dL) must be bounded above by the bounds given by Watson [13] . If S L contains a prime other than p, then ord p (dL) would also be bounded by Watson's bounds. In other words, the number of classes of even primitive almost regular ternary lattices with at least 3 anisotropic primes is finite. In this section we are going to show that these lattices are, in fact, regular.
We will rely heavily on the table of regular ternary lattices in [8] , and the readers are advised to have that in hand. In that table, Proof. For any p ∈ S L , λ(L) p is anisotropic and hence ord p (δ(λ(L))) = 1. From [8] or [16, 17] , we see that d(λ(L)) = 4pq, where (p, q) = (3, 5), (3, 7), (5, 7), or (3, 13) . Suppose L is not regular. Then by Remark 4.2 we may assume that both ord p (dL) and ord q (dL) are at least 3. The lattice λ (2) (L) is regular, and its discriminant is divisible by 4p 3 q 3 . From [8] , the only possible candidate is [3, 17, 35, 5, 
If
But there is no regular ternary lattice with this discriminant [8] . If s(L) = 2Z, then L is not modular and dL must be of the form 2 s · 3 3 · 5 3 for some s ≥ 4. Using [8] , we find out that λ 3 (λ (3) (L)) could only be [15, 24, 56 , 24, 0, 0] or [8, 15, 152, 0, 8, 0] ,
There are only three possible candidates: [11, 26, 39, 6, 6, 2] , [11, 35, 39, −30, 6, 10] , [9, 41, 41, −38, 6, 6] .
By comparing the 2-adic structures of λ 3 (λ (3) (L)) and λ 5 (λ (5) (L)), we can conclude that λ 5 (λ (5) (L)) must be [9, 41, 41, −38, 6, 6] . Since L 5 is of the form a, 5b, 5
2 c for some
By a similar token, we have
where ∈ Z × 5 . All these together show that L is in the genus of [13, 28, 157, 28, 2, 4] or [24, 45, 76, 40, 12, 0] . But both genera have class number 1 [8] and hence L is regular, which is a contradiction.
The following theorem summarizes all the results we have obtained thus far.
Theorem 4.4. Let L be a ternary lattice that is not regular. Then L is almost regular if and only if all of the following conditions hold:
(1) S L = {p} where p ∈ S = {2, 3, 5, 7, 11, 13, 17};
Remark 4.5. The set S defined above does not contain 23 because every regular ternary lattice is isotropic at 23; see [8] or [16, 17] (also the appendix in [1] ).
Example 4.6. For any n ≥ 0, let K(n) be the lattice 1 ⊥ 1 ⊥ 3 2n+1 . In [2] , it was shown that K(n) is almost regular for each n. Theorem 4.4 gives us an easy way to verify this fact. For, gen(K(n)) has only one spinor genus and hence P L is empty. Furthermore, S L = {3} and K(0) is regular from [8] . Proof. Let L be such a lattice. We may assume that L is not regular and hence S L = {p} ⊂ S. Since λ (p) (L) is regular, ord q (dL) is bounded for any q = p, and an explicit bound can be found in [13] or deduced from [8] . Therefore, it suffices to show that ord p (dL) is bounded by a constant depending only on k and p. By Lemma 2.2, we may further assume that ord q (δL) ≤ 1 for all q = p. In particular,
Since L is almost regular and n(L) = 2Z, the set Q(L) ∩ 2Z × p contains infinitely many integers. So we can find two integers in this set, independent of L, to serve as the bounds for the first and the second minima of L. Let B be the collection of positive binary lattices whose successive minima are less than those bounds. For each lattice N ∈ B, select an integer from Q(L) \ Q(N ). Such an integer can be chosen to be independent of L. Since B is finite, therefore the third minimum of L is also bounded by a constant depending only on k.
The above sets forth an effective procedure to bound ord p (dL), although in practice it could involve laborious computations. Below, we illustrate the effectiveness by exhibiting a priori bounds for ord p (dL) when |E(L)| = 1. The proofs of the above theorems will not be given since the general idea and method are already clear. But we do want to make a few comments here. The set Q(L) ∩ 2Z × p often contains small integers, and hence the collection B is usually not too big. Moreover, a lot of candidates in B can be ruled out fairly quickly by considering their local structures. In Theorem 5.3 (b)(iii), we just need to determine the bounds for the first two minima. For, 2 β+1 is always less than the product of the first two minima. Furthermore, we can apply the λ 4 -transformation a finite number of times to L and obtain a lattice K so that 
